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Abstract 

We obtain two sequences of rational numbers which converge to the 
Euler-Gompertz constant. Denote by (/(#)) the integral of f(x)e~ x 
from to infinity. Recall that the Euler-Gompertz constant 8 is 
(ln(x + l)>. 

Main idea. Let P n (x) be a polynomial with integer coefficients. 
It is easy to prove that (P n (x) ln(x + 1)) = a n + (ln(x + 1)) b n for some 
integers a n , b n . Hence if (P n (x) ln(x + 1)) jb n converges to zero, a n /b n 
converges to —6. 

Main Theorem. Let u be positive real. There exists polynomials 
P n {x) (they are explicitly given in the paper) such that (P n (x) ln(xu + 1)) 
tends to u as n tends to infinity. 

Proof of Main Theorem is elementary. 



1 Main result 

Theorem 1.1. For each real u > 

» = E E (I) (J) jf + Ddx. 



*This paper is prepared under the supervision of A. Skopenkov and is submitted to the 
Moscow Mathematical Conference for High-School Students. Readers are invited to send 
their remarks and reports on this paper to mmks@mccme.ru 
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We recall that 



oo 







Corollary 1.2. Let r ^ be integer. We define two sequences of integer 
numbers a m and b m by formulas 



■» = E (T) C) <™ - *> ! Ei- 1 )"-' 6 - = E (?) Q (•» - *)'■ 

k=r \ / V / tu=0 fc=r \ / \ / 

T/ien lim — ^ = —5. 

Corollary 1.3. Let r ^ 1 foe integer. We define two sequences of integer 
numbers a m and b m by formulas 

-=™ EEE(:)C)^(-d— 

k=r j=0 i=0 
m k—1 

b m = m\ 

T/ien lim — — = —5. 



k J \r J kjl 



??? 



k J \r J kjl 



x 6 x In 
7 fc!m! ./o V it 



Conjecture 1.4. For each real u > 

V>(«) = ln(u) + lim VA fc , m+1 f m ^ ( ~ 1)fc r ^ + « 
k=l v 

where 

m t— 1 ui 

^ = E{?}D-*) t ^D- 1 )^ 

t=2 u>=l j=l 

Here VK 3 ') is the digamma function, is Stirling numbers of the first 

kind, | w . \ is Stirling numbers of the second kind and Bj is the Bernoulli 
numbers. Definitions can be found in [T], [2J. See also [I], [3]. 
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2 Proof of Theorem 11.1 



Let u > be real and r ^ be integer. For each real q > — 1 by definition, 
put 

/*(«) = (') ln(xu + (1) 

where r(g + 1) is the Gamma function, (see for example [2].) 
In order to prove Theorem 11.11 we need 

Lemma 2.1. For each real u > and e G (—1; —1/2) we have 

lim E m (- = o. 

i=o VJ 7 

For eoc/i rea/ m > £/ie Zirmi converges uniformly for u G [0; m ] and £ G 

(-i;-i/2). 

Lemma [2. II will be proved below. 
Proof of Theorem The proof is in two steps. 

Step 1. Let us prove that lim f £ {u) = (— lYu. 

e-¥—l 

We have 

(-l) r lim fJu) = (-1Y lim r )— 1 r / x^Mnfxw+ne-^x = 

\ry r(l +£) J 



= lim — ; / x £ ~ hxixu + l)e~ x dx 



(**) 1 /"°° 1 
= lim — / x e (xu)e x dx = u lim — -T(l + e) = u. 



-ir(l + e)7 B ->-ir(l + e 

The equality (*) follows because 

Urn f £ ) = f" 1 ) = '- 1)( - 2) , ■■'-'-» = (-!)■ 
e->-i V r J \ r J r! 
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The equality (**) follows because 

1 1 + e 



and 



r(l+e) T(2 + e) 



x e (\n(xu + 1) — xu)e x dx 



< 



< 



x 2 (ln(xu + 1) — xu)e 



x 3 / 2 (ln(xu + 1) — xu)( 



Step 2. By Lemma [2. 1[ we get 



0= lim = /«(«)+ Hm ]T(-W 



In Step 1 we proved that f £ (u) tends to (— l) r u as e tends to —1. Hence 



u 



rn—l / \ 

hm hm ,™ )W(«) 



Also by Lemma 12.11 the convergence in this formula is uniform for e G 
(—1; —1/2). Hence changing the order of limits and substituting m+ 1 
by m in this formula, we get 



u 



Hm fVW m+1 

3=0 VJ 



limV " ltJ 

m— >oo ^ — ' V 7 + 1 



m + 1\ / j\ (— 1) 



m— >oo ^— ' \ 7 + l/ \r/ V 

3=0 VJ 7 V 7 J 



'_1 \3+r r°° 



x 1 1 ln(a;u + l)e x <ix. 



Denote by the expression under the limit. We have 



Sm s. m -i — y i i 



m 



j +1J J \rj j\ 



J\ ("I) 



j+r 



x J 1 ln(x , u+l)e x dx 
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m 



3=0 



Hence 



m=0 m=0 j=0 VJ/ \ r / J- JO 

□ 

Proof of Lemma \2.1[ Proof is in three steps. 

Step 1. Let j > be integer and e G (—1; —1/2) be real. We claim that 

^w-C + r r )"SCi-i 1 )ir /f( " ) ' (2) 

The proof is by induction over j. Let us prove the base of induction 
for j — 1. We must prove that 



Integrating formula (pQ) by part, we get 



oo 

= - ( £ J p7 — n / — ( -e~ x H™* + 1) + - ) dx 

rJT(e+l)J e \ xu + 1 

o 



oo 

£ — r + 1 „ , s u fe\ 1 f r „ dx 



e Vry r(e + 1)7 xu + 1 



o 



For each real Wo > integral in formula ([Q) converges uniformly for 
u G [0; Uq\. Hence differentiating formula ([1]) with respect to u, we get 
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fUu) = h^T r / x £ e . 

Combining this with formula @, we obtain 

/.(«) = " ' l + 1 fe + l(u) ~ -J'M- 

The base of induction follows. 

Let us prove the step of induction. By the inductive hypothesis for 
j = N, substituting e + 1 for e, we get 

Substituting formula ([3]) in this formula, we get 

f £+N+ i(u) = 



= [ n ) ^{N- l )^[7TT^-r f ^ u) + 7TT^-r uf ^ ) 

Or equivalently 



(5) 

If we substituting in the Leibniz formula 



-(M«M«)) = EfM/ ( * ) («)^ (i - A) ' 



fc=0 



u for and /'(m) for g(u), we obtain 
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— (uf' E (u))=uf^\u)+ifV(u). 
Hence the right-hand side of formula (jSj) can be rewritten as 

i=0 ^ 7 
i=0 v 7 i=0 v 7 

From the formula 

fe + iVV / e + N V , A _ V e + iV \ 

U-J (£+z)+ U-i+i> =(iV+1) U-i + iJ 

it follows that 



f £+N+ i(u)(n+l){ N J=(n + l)E<T^ tt) U-i + lJ' 

Dividing both sides by (n + l)( e+ ^^~ r ), we get formula d2J) for j = 
iV + 1. The step of induction follows. 

Step 2. Let us prove that 



j J \ j-i J \ m-i J\ m J 

(6) 

By definition, put 
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, , ^x k a(a + l)...(a + k-l)b(b + l)...(b + k-l) 

F{a,b,c;x) = > — -. — -. ; — . 

v ' k\ c(c + 1) . . . (c + k - 1) 

This series converges, if \x\ < 1 and a + b < c. 
We have 



m!r(e - r + 1) 



(m - i)!r(e -r + i + 1) 
Let us prove that 

m\r(e — r + 1) 



(— x) l F{i + e, i — m, £ + i — r + 1; x). 



■F(i + e, i — m, e + i — r + 1; 1) 



(m-i)\T(s-r + i + l)' 
m — i — r\ f m + e — r\ 1 (m — z — r)!m!r(e — r + 1) 



m — ij\ m J (m — i)lT(l — r)Y{m + e — r + 1) 
Or equivalently 

. . , , s (m — « — r)!r(e — r + i + 1) 

F (i + e,i-m ,e + i-r + l;l ) = ^— — ^. 

1(1 — rjl (m + e — r + 1) 

This formula follows by the Gauss's theorem (see j2j p. 282]) 

„, , . r(c — a — fe)r(c) 

Fa,6,c;l = -) — -> 1 , 

T(c — a)T(c — o) 

for a = i + e,b = i — m and c = e + z — r + 1. 
Formula (jSJ) is proved. 
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Step 3. From formula ([2]) it follows that 



J=0 V ^ 7 



-|E(7)( e+ r r )"er-7 i )^«>- 
-£^<->g (7) c + r o^c^-t o^- 

Combining this with formula (El), we obtain 

( m+ r r )" , S> ( « )( - i)4 ( m m-r)- « 

.Step ^. In this step we need 

Lemma 2.2. Let u > and £ G (— 1; — 1/2) fre rea/ and n > be 
integer. We have 

n f<r\u)u m 

hm m —. — - = 0. 

m->oo u(l + e)m\ 

For each real Uq > tae limit converges uniformly for u G [0; Mo] anc ^ 
£G(-l;-l/2). 

Lemma 12.21 will be proved below. 
Let us consider two cases. 
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Case 1 : let r be zero. Let x and 9 be real and < x < u, 9 G (0; 1). 
By the Taylor's theorem in the Cauchy form for the function f e (u), 
we obtain 



am = E 



i=0 



ml 



Putting in this formula x = 0, we obtain 



i=0 



m+1 / i \m 



-l r a - 



m! 



Hence using inequality 



ml 



m + e 

in J (e + 1) . . . (e + m) 
m ( m — 1 \ / 1 

< 



l + e \e + m 



ni 



e+2 l+e 



we have 



. — 1 m 

m + e\ s-^ u 



m 



E7r/i (")(-i! 



i=0 



< 



< m(m + l)(-l) m u 



f™ +1 (u(l - 9))(u(l - 9)) m+1 



(u(l-0))(l + e)(m+l)! 

The left-hand side of this inequality equals expression ((?]), but for 
each real uq > the right-hand side of this inequality tends to 
as m tends to oo uniformly for u G [0; uq] and e G (—1; —1/2) by 
Lemma 12.21 

Case 2 : let r be positive. Expression (J7]) can be rewritten as 



. l m 

m + e — r\ s. — > u 



i=m—r+l 



m — % — V 

m — i , 
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Because for m — i — r > 0, we get ( m m l _ i r ) = 0. Let j G [0; r — 1] 
be integer. We must prove that 



lim 

m— >oo 



m + e — r 



m 



u 



m-j 



m-j)\ \ j 



Or equivalently 



m+j+£ - r Y ^ f r\u)=o. 



lim 

m->oo y 777, -|- j 



mi 



There exists integer number n and real number C such that 
Cm n . Hence 



/m+j+e—r\ 1 
V m+j J 



< 



m + j 



ml 



< Cm n ^—f^ m \u). 



ml 



By Lemma 12.21 the right-hand of this inequality tends to as m 
tends to oo. 



□ 



Proof of Lemma \2.B . For each real Uq > integral in formula ([[]) converges 
uniformly for u G [0; Uo]. Hence differentiating formula ([1]) with respect to u, 
we get 



6 m) (u)u m = (-ir +1 (m - 1)!^ - 1 . / ./- < 
Je V ; v ; v j \rjr(l + e) L (xu + V" ! 



^ [XU) dx. 



Let T = y/m and m > 4. We have 



x e -r 1 — ——dx 

(xu + l) m 



/ x £ - l e~ x 1 + 
/o V xu 



£ - 1 "- a; ' 1 1 « cfc+ / rc 6 -^-* ( 1 + 

xu 



dx. (8) 
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The first term. For each real 16 [0; T], we have 



because 



x e - x e~ x (1 + — ] dx < u 2 T 2+£ ( 1 + — 

n \ XU J \ Tu 



2-m 



2-m 



x £ - x ( 1 + — ] < u 2 T 1+£ ( 1 + — ) and e~ x < 1. 

\ xu J \ Tu J 

The second term. For each real x G [T; +oo), we have 

POO / 1 \ ^ /"OO 

/ x^V* 1 + — < / e-^ra)^ = ue~ T (T + 1) 

y T V W Jt 



because 



Hence 



x 5 - 1 11 + —] 



\ —m+1 



XII 



< xu. 



»/i m) («X 



w(l + e)m\ 



xu J 1 + xu 



T(2 + e) V r 



2— m 



Clearly, for each real Wo > the expression in the right-hand sides tends 
to as m tends to oo uniformly for u G [0; u ] and e G (—1; —1/2). 

□ 



3 Proof of Corollary 11.21 and Corollary 11.3 



In order to prove Corollary 11.21 and Corollary 11.31 we need 
Lemma 3.1. For each integer n > 

/■oo n ( " n '~\ \ 



(9) 



and 



/ x n ln(x + l)e~ x dx = (*K-l) m ) + $ )■ 



(10) 
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Formula flU]) can be found in [21 f. 3.353.5], formula (fTOl) can be found in 
f. 4.337.5]. 

Proof of Corollary \ 1.2 . The formula of Theorem II. II converges uniformly for 
u G [0; 1]. Hence differentiating the formula of Theorem 11.11 respect with to 
u and taking u = 1, we get 

-f±(:)(:m^>. 

Series in the right-hand side of this formula converges. Hence 

oo 

m-s>oo \ k I V r / k\ J x + 1 
By formula (Q of Lemma 13.11 we get 

oo 

\r k\ J x + 1 

k=r q 
fc=r j=0 \ / \ / fc=r \ / \ / 

Clearly, the expression 




tends to oo as m tends to oo. Hence 
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m k—1 

E (?) 0(m-fc)!Ei!(-l) J ' +1 
hm s = -d. 

e(?) 8 e)("»-*)i 



□ 



Proof of Corollary \ 1.31 Series in the right-hand side of the formula of Theo- 
rem [TTT] converges. Hence 

^ (e (i) o r ^ Hm + i)dx ) = °- 



Taking u = 1 in this formula and using formula ffTO]) of Lemma 13.11 we 
obtain 



lim 

m— >oo 



E (!) Q Iz i^ E {± jr-(-w (e + s 



0. 



_fc=r v ' x ' ,j=0 \i=0 

Or equivalently 

eeeC)^-)— --eeOO^F- 

We must prove that the expression 

— .•-£g(i)(:)q==g i ag(T)(:::)'-''- 

tends to +oo as m tends to oo. We claim that A m {r + 2) — A m (r) tends 
to +oo as m tends to oo. We have 
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|J(J^§UJ W ( ~ 1)fc = |tvJ \r)m-rti-l)\ 



because 



in 



This formula will be proved below. 
Hence for m > r + 1, we obtain 



A m (r + 2) - A m (r) = (A m (r + 1) + A m (r + 2)) - (A m (r) + A m (r + 1)) 
Z' r? A / j\ 3 ~ r ( 3 ' ~ r ~~ i 1 \ 



^ \ j J \rj (j — 1)! \(m — r — l)(r + 1) m — r 



/ m\ / j\ j — r f j — r — 1 1 \ P(m) 



> £ 

j=r+l 



j J \r J (j — 1)! \ (m — r — l)(r + 1) m — rj m — r — 1 



Here P(m) is a polynomial, deg(P) > 2r + 2 > 2. Hence the right-hand 
sides tends to +oo as m tends to <x>. But A m (0) = and 

A m (l) = A m (0) + A m (l) = J2 (7^1) (J3i)J- 

Hence A m (r) tends to +00 as m tends to 00 for each positive integer r. 
Let us prove formula [TTJ We have 



/ m\ fk\ , ,, , , ■ ml 



J / V r 
Hence we must prove that 



-x)° [ m )( 3 ) F(l, j -m,l+j - r; x) 
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F(l,j -m,l+j-r;l) 



m — r 



This formula follows by the Gausss theorem 



F(a,b,c;l) 



T(c-a-b)T(c) 
T(c-a)T(c-b) 



for a — 1,6 = j — m,c 



1 + j — r. 



□ 
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